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EQUIDISTRIBUTION THEOREMS ON STRONGLY PSEUDOCONVEX
DOMAINS
CHIN-YU HSIAO AND GUOKUAN SHAO
Abstract. This work consists of two parts. In the first part, we consider a compact connected
strongly pseudoconvex CR manifold X with a transversal CR S1 action. We establish an
equidistribution theorem on zeros of CR functions. The main techniques involve a uniform
estimate of Szego˝ kernel on X.
In the second part, we consider a general complex manifold M with a strongly pseudoconvex
boundary X. By using classical result of Boutet de Monvel-Sjo¨strand about Bergman kernel
asymptotics, we establish an equidistribution theorem on zeros of holomorphic functions on M .
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1. Introduction and statement of the main results
The study of equidistribution of zeros of holomorphic sections has become intensively active
in recent years. Shiffman-Zelditch [19] established an equidistribution property for high powers
of a positive line bundle. Dinh-Sibony [10] extended the equidistribution with estimate of con-
vergence speed and applied to general measures. More results about equidistribution of zeros of
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holomorphic sections in different cases, such as line bundles with singular metrics, general base
spaces, general measures, were obtained in [3, 4, 5, 8, 9, 17, 18]. Important methods to study
equidistribution include uniform estimates for Bergman kernel functions [16, 20] and techniques
for complex dynamics in higher dimensions [11]. Our article is the first to study equidistribution
on CR manifolds and on complex manifolds with boundary. In the first part, we establish an
equidistribution theorem on zeros of CR functions. The proof involves uniform estimates for
Szego˝ kernel functions [13]. In the second part, we consider a general complex manifold M with
a strongly pseudoconvex boundary X and we establish an equidistribution theorem on zeros of
holomorphic functions on M by using classical result of Boutet de Monvel-Sjo¨strand [2].
We now state our main results. We refer to Section 2 for some notations and terminology
used here. Let (X,T 1,0X) be a compact connected strongly pseudoconvex CR manifold with
a transversal CR S1 action eiθ (cf. Section 2), where T 1,0X is a CR structure of X. The
dimension of X is 2n + 1, n ≥ 1. Denote by T ∈ C∞(X,TX) the real vector field induced
by the S1 action. Take a S1 invariant Hermitian metric 〈 · | · 〉 on CTX such that there is an
orthogonal decomposition CTX = T 1,0X ⊕ T 0,1X ⊕ CT . Then there exists a natural global L2
inner product ( · | · ) on C∞(X) induced by 〈·|·〉.
For every q ∈ N, put
Xq := {x ∈ X : eiθ ◦ x 6= x,∀θ ∈ (0, 2π
q
), e
i 2π
q ◦ x = x}.
Set p := min{q ∈ N : Xq 6= ∅}. Put Xreg = Xp. For simplicity, we assume that p = 1. Since X
is connected, X1 is open and dense in X. Assume that X = ∪t−1j=0Xpj , 1 = p0 < p1 < · · · < pt−1
and put Xsing := ∪t−1j=1Xpj .
Let ∂¯b : C
∞(X) → Ω0,1(X) be the tangential Cauchy-Riemann operator. For each m ∈ Z,
put
H0b,m(X) := {u ∈ C∞(X) : Tu = imu, ∂¯bu = 0}. (1.1)
It is well-known that dimH0b,m(X) <∞ (see [15]). Let f1 ∈ H0b,m(X), . . . , fdm ∈ H0b,m(X) be an
orthonormal basis for H0b,m(X). The Szego˝ kernel function associated to H
0
b,m(X) is given by
Sm(x) :=
dm∑
j=1
|fj(x)|2 .
When the S1 action is globally free, it is well-known that Sm(x) ≈ mn uniformly on X. When X
is locally free, we only have Sm(x) ≈ mn locally uniformly on Xreg in general (see Theorem 3.1).
Moreover, Sm(x) can be zero at some point of Xsing even for m large (see [15] and [12]). Let
α = [p1, . . . , pt−1], (1.2)
that is α is the least common multiple of p1, . . . , pt−1. In Theorem 3.5, we will show that there
exist positive integers 1 = k0 < k1 < · · · < kt−1 independent of m such that
cmn ≤ Sαm(x) + Sk1αm(x) + · · ·+ Skt−1αm(x) ≤
1
c
mn on X
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for all m≫ 1, where 0 < c < 1 is a constant independent of m. For each m ∈ N, put
Am(X) :=
t−1⋃
j=0
H0b,kjαm(X). (1.3)
We write dµm to denote the normalized Haar measure on the unit sphere, defined in the natural
way by using a fixed orthonormal basis,
SAm(X) := {g ∈ Am(X); ( g | g ) = 1} .
Let am = dimAm(X). We fix an orthonormal basis
{
g
(m)
j
}am
j=1
of Am(X) with respect to ( · | · ),
then we can identify the sphere S2am−1 to SAm(X) by
(z1, . . . , zam) ∈ S2am−1 →
k∑
j=1
zjg
(m)
j ∈ SAm(X),
and we have
dµm =
dS2am−1
vol (S2am−1)
, (1.4)
where dS2am−1 denotes the standard Haar measure on S2am−1. We consider the probability
space Ω(X) :=
∏∞
m=1 SAm(X) with the probability measure dµ :=
∏∞
m=1 dµm. We denote
u = {um} ∈ Ω(X).
Since the S1 action is transversal and CR, X × R is a complex manifold with the following
holomorphic tangent bundle and complex structure J ,
T 1,0X ⊕ {C(T − i ∂
∂η
)},
JT =
∂
∂η
, Ju = iu for u ∈ T 1,0X.
(1.5)
Let v(z, θ, η) be a non-trivial holomorphic function on X × R. We write [v = 0] to denote the
current of integration with multiplicities over the analytic hypersurface {v = 0} determined by
the nontrivial holomorphic function v on X ×R. That is, for a smooth 2n-form g ∈ Ω2n0 (X ×R)
with compact support in X × R, we have
〈[v = 0], g〉 =
∫
{v=0}
g. (1.6)
Denote by ∂˜ (resp.
¯˜
∂) the ∂-operator (resp. ∂-operator) with respect to the complex structure in
(1.5). By the Lelong-Poincare´ formula [7, III-2.15] and [16, Theorem 2.3.3] (see Propositioin 4.1),
we have
〈[v = 0], g〉 = i
2π
∫
∂˜ ¯˜∂ log |v|2 ∧ g. (1.7)
For u ∈ Am(X), it is easy to see that there exists a unique function v(x, η) ∈ C∞(X × R),
which is holomorphic in X × R such that v∣∣
η=0
= u (see Lemma 2.6). For all g ∈ Ωp,q(X), we
extend g trivially in the variable η on X ×R. Then, for f ∈ Ωn,n0 (X) and every χ(η) ∈ C∞0 (R),
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f ∧ω0 ∧χ(η)dη is a smooth 2n-from on X ×R with compact support in X ×R. We then define
〈[v = 0], f ∧ ω0 ∧ χ(η)dη〉 as in (1.6). The main result of the first part is the following
Theorem 1.1. With the above notations and assumptions, fix χ(η) ∈ C∞0 (R) with
∫
χ(η)dη = 1
and let εm be a sequence with limm→∞mεm = 0. Then for dµ-almost every u = {um} ∈ Ω(X),
we have
lim
m→∞
1
m
〈 [vm = 0], f ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉 = α1 + k
n+1
1 + · · ·+ kn+1t−1
1 + kn1 + · · ·+ knt−1
i
π
∫
X
LX ∧ f ∧ ω0, (1.8)
for all f ∈ Ωn−1,n−1(X), where vm(x, η) is the unique holomorphic function on X ×R such that
vm
∣∣
η=0
= um(x), α = [p1, . . . , pt−1], f ∧ ω0 ∧ 1εmχ(
η
εm
)dη is a smooth (n, n) form on X ×R, the
duality 〈 · , · 〉 in (1.8) is given by (1.6), η denotes the coordinate on R, ω0 is the Reeb one form
on X (see the discussion in the beginning of Section 2.2), LX denotes the Levi form of X with
respect to the Reeb one form ω0 (see Definition 2.1).
Remark 1.2. We explain the role εm in Theorem 1.1. For simplicity, assume that t = 2 and
m1 := αm, m2 := αk1m. Let u ∈ H0b,m1(X)⊕H0b,m2(X). Let (z, θ, ϕ) be BRT coordinates on an
open set D of X (see Theorem 2.5). On D, we write
u = u1 + u2 = u˜1(z)e
im1θ + u˜2(z)e
im2θ ∈ H0b,m1(X)⊕H0b,m2(X).
Then the unique holomorphic function v(z, θ, η) ∈ C∞(X × R) with v∣∣
η=0
= u is given by
v(z, θ, η) = u˜1(z)e
im1(θ+iη) + u˜2(z)e
im2(θ+iη).
Then, formally
〈 [v(z, θ, η) = 0], f(z, θ) ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉
= 〈 [u˜1(z)eim1(θ+iη) + u˜2(z)eim2(θ+iη) = 0], f(z, θ) ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉
= 〈 [u˜1(z)eim1(θ+iεmη) + u˜2(z)eim2(θ+iεmη) = 0], f(z, θ) ∧ ω0 ∧ χ(η)dη 〉.
(1.9)
From the last equation of (1.9), intuitively speaking, when mεm → 0, the integral
〈 [v(z, θ, η) = 0], f(z, θ) ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉
will converge to the integration of “CR” current 〈 [u(z, θ) = 0], f(z, θ) ∧ ω0 〉.
Remark 1.3. Assume that the S1-action is globally free. Let u ∈ H0b,m(X). Let (z, θ, ϕ) be
BRT coordinates on an open set D of X (see Theorem 2.5). On D, we write u = u˜(z)eimθ and
the unique holomorphic function v(z, θ, η) ∈ C∞(X × R) with v∣∣
η=0
= u is given by v(z, θ, η) =
u(z)eim(θ+iη). Then {v = 0} = {u = 0} × R and for every εm > 0, we have
〈 [v(z, θ, η) = 0], f(z, θ) ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉 = 〈 [v(z, θ, η) = 0], f(z, θ) ∧ ω0 ∧ χ(η)dη 〉.
For the globally free case, we don’t need εm in Theorem 1.1.
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When the S1-action is globally free, then t = 1, α = 1, Am(X) = H
0
b,m(X) and Ω(X) =∏∞
m=1 SAm(X) =
∏∞
m=1 SH
0
b,m(X). From Remark 1.3, we deduce the following
Corollary 1.4. With the same notations and assumptions in Theorem 1.1, if the S1-action is
globally free, then for dµ-almost every u = {um} ∈ Ω(X) we have
lim
m→∞
1
m
〈 [vm = 0], f ∧ ω0 ∧ χ(η)dη 〉 = i
π
∫
X
LX ∧ f ∧ ω0, (1.10)
for all f ∈ Ωn−1,n−1(X), where vm is the unique holomorphic function on X × R such that
vm
∣∣
η=0
= um.
Let Y be a compact Ka¨hler manifold with dimC Y = n and let L be a line bundle over Y
with a smooth Hermitian metric h such that the induced curvature RL is positive on Y . Let
eL be a local frame of L. We write |eL(y)|h = e−φ. Then RL = 2∂∂φ. Take ω := i2πRL to
be the Ka¨hler form of Y . Denote by H0(Y,Lm) the space of all holomorphic sections of Lm.
Set Ω(Y,L) :=
∏∞
m=1 SH
0(Y,Lm) with the probability measure dµ :=
∏∞
m=1 dµm (cf. (1.4)) As
an application of Theorem 1.1, we obtain the classical equidistribution theorem on line bundles
(see e.g. [19, Theorem 1.1] and [16, Theorem 5.3.3]).
Corollary 1.5. With the above notations and assumptions, for dµ-almost every s = {sm} ∈
Ω(Y,L), we have
lim
m→∞
1
m
[sm = 0] = ω (1.11)
in the sense of currents.
Now we formulate the main result of the second part. LetM be a relatively compact open sub-
set with C∞ boundary X of a complex manifoldM ′ of dimension n+1 with a smooth Hermitian
metric 〈 · | · 〉 on its holomorphic tangent bundle T 1,0M ′. The Hermitian metric on holomorphic
tangent bundle induces a Hermitian metric 〈 · | · 〉 on ⊕2n+2k=1 Λk(CT ∗M ′). Let r ∈ C∞(M ′,R) be
a defining function of X, that is, X = {z ∈M ′; r(z) = 0}, M = {z ∈M ′; r(z) < 0}. We take r
so that ‖dr‖2 = 〈 dr | dr 〉 = 1 on X. In this work, we assume that X is strongly pseudoconvex,
that is, ∂∂r|T 1,0X is positive definite at each point of X, where T 1,0X := T 1,0M ′
⋂
CTX is the
standard CR structure on X. Let dvM be the volume form on M induced by 〈 · | · 〉 and let
( · | · )M be the L2 inner product on C∞0 (M) induced by dvM and let L2(M) be the completion
of C∞0 (M) with respect to ( · | · )M . Let H0(2)(M) =
{
u ∈ L2(M); ∂u = 0}. By using classical
result of Boutet de Monvel-Sjo¨strand [2, Theorem 1.5], we see that C∞(M)
⋂
H0(2)(M) is dense
in H0(2)(M) in the L
2(M) space and we can find gj ∈ C∞(M)
⋂
H0(2)(M) with ( gj | gk )M = δj,k,
j, k = 1, 2, . . ., such that the set
A(M) := span {g1, g2, . . .} (1.12)
is dense in H0(2)(M). That is, for every h ∈ H0(2)(M), we can find hℓ ∈ A(M), ℓ = 1, 2, . . ., such
that limℓ→∞ hℓ = h in L2(M) space.
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To state our equidistribution theorem, we need to introduce some notations. For every m ∈ N,
let Am(M) = span {g1, . . . , gm}, where gj ∈ H0(2)(M)
⋂
C∞(M ), j = 1, . . . ,m, are as (1.12).
Let dµm be the equidistribution probability measure on the unit sphere
SAm(M) := {g ∈ Am(M); ( g | g )M = 1} .
Let β := {bj}∞j=1 with b1 < b2 < · · · and bj ∈ N, for every j = 1, 2, . . .. We consider the
probability space
Ω(M,β) :=
∞∏
j=1
SAbj (M) (1.13)
with the probability measure
dµ(β) :=
∞∏
j=1
dµbj . (1.14)
We denote u = {uk} ∈ Ω(M,β). For g ∈ H0(2)(M)
⋂
C∞(M ), we let [g = 0] denote the zero
current in M .
Let B∗0,1M ′ =
{
u ∈ T ∗0,1M ′; 〈u | ∂r 〉 = 0}, where T ∗0,1M ′ denotes the bundle of (0, 1) forms
on M ′. Let B∗1,0M ′ := B∗0,1M ′ and let B∗p,qM ′ := Λp(B∗1,0M ′)∧Λq(B∗0,1M ′), p, q = 1, . . . , n.
Let ω0 = J(dr), where J is the standard complex structure map on T
∗M ′ and let LX ∈
C∞(X,T ∗1,1X) be the Levi form induced by ω0 (see Definition 2.1). Our second main result is
the following
Theorem 1.6. With the notations and assumptions above, fix ψ ∈ C∞0 ([−1,−12 ]). There exists
a sequence β = {bj}∞j=1 independent of ψ with b1 < b2 < · · · , bj ∈ N, j = 1, 2, . . ., such that for
dµ(β)-almost every u = {uk} ∈ Ω(M,β), we have
lim
k→∞
〈 [uk = 0], (2i)krψ(kr)φ ∧ ∂r ∧ ∂r 〉 = −(n+ 2) i
2π
c0
∫
X
LX ∧ ω0 ∧ φ (1.15)
for all φ ∈ C∞(M,B∗n−1,n−1M ′), where c0 =
∫
R
ψ(x)dx, Ω(M,β) and dµ(β) are as in (1.13)
and (1.14) respectively.
Remark 1.7. By the result of Boutet de Monvel-Sjo¨strand [2, Theorem 1.5], we have∑∞
j=1 |gj(x)|2 ∼
∣∣r−(n+2)(x)∣∣ in M.
The numbers bj are chosen so that the function
∑bj
s=1 |gs(x)|2 ∼
∣∣r−(n+2)(x)∣∣ on {x ∈M : − 1
k
≤
r ≤ − 12k} (see Theorem 5.6 ). In general,
∑j
s=1 |gs(x)|2 could not be asymptotically
∣∣r−(n+2)(x)∣∣
and we can’t not take bj to be j. It is an interesting question to determine the subsequence bj.
Remark 1.8. Note that for any smooth (n, n) form on M , we can write φ ∧ ∂r ∧ ∂r near the
boundary X, where φ ∈ C∞(M,B∗n−1,n−1M ′). From the proof of Theorem 1.6, we actually
prove that for dµ(β)-almost every u = {uk} ∈ Ω(M,β), we have
lim
k→∞
(1
k
〈 [uk = 0], gk 〉+ in+ 2
2π
1
k
∫
M
∂∂ log(−r) ∧ gk
)
= 0, (1.16)
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for all k-uniformly test form gk ∈ Ωn,n0 (M). Here k-uniformly test form gk ∈ Ωn,n0 (M) means
that for any smooth (1, 1) form ψ, the integral
∫
gk ∧ ψ is uniformly bounded in k. For ex-
ample, k2rψ(kr)φ ∧ ∂r ∧ ∂r is a k-uniformly test form, where ψ ∈ C∞0 ([−1,−12 ]) and φ ∈
C∞(M,B∗n−1,n−1M ′). In Theorem 1.6, we take special test form rψ(kr)φ ∧ ∂r ∧ ∂r since The-
orem 1.6 aims to show the asymptotic behavior of the currents {[uk = 0]} when the supports of
test forms tend to approach the boundary X.
The paper is organized as follows. In Section 2 we collect some notations we use throughout
and we recall the basic knowledge about CR manifolds. In Section 3 we recall a theorem about
Szego˝ kernel asymptotics and give a uniform estimate of Szego˝ kernel functions. Section 4 is
devoted to proving Theorem 1.1. In Section 5, we first construct holomorphic functions with
specific rate near the boundary and we prove Theorem 1.6.
2. Preliminaries
2.1. Standard notations. We shall use the following notations: N = {1, 2, . . .}, N0 = N∪{0},
R is the set of real numbers, R+ := {x ∈ R; x ≥ 0}. For a multi-index α = (α1, . . . , αn) ∈ Nn0 ,
we denote by |α| = α1 + . . . + αn its norm and by l(α) = n its length. For m ∈ N, write
α ∈ {1, . . . ,m}n if αj ∈ {1, . . . ,m}, j = 1, . . . , n. α is strictly increasing if α1 < α2 < . . . < αn.
For x = (x1, . . . , xn), we write
xα = xα11 . . . x
αn
n ,
∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1
. . . ∂αnxn =
∂|α|
∂xα
,
Dxj =
1
i
∂xj , D
α
x = D
α1
x1
. . . Dαnxn , Dx =
1
i
∂x .
Let z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n, be coordinates of Cn. We write
zα = zα11 . . . z
αn
n , z
α = zα11 . . . z
αn
n ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
.
For j, s ∈ Z, set δj,s = 1 if j = s, δj,s = 0 if j 6= s.
Let W be a C∞ paracompact manifold. We let TW and T ∗W denote the tangent bundle of
W and the cotangent bundle of W , respectively. The complexified tangent bundle of W and the
complexified cotangent bundle of W will be denoted by CTW and CT ∗W , respectively. Write
〈 · , · 〉 to denote the pointwise duality between TW and T ∗W . We extend 〈 · , · 〉 bilinearly to
CTW ×CT ∗W . Let G be a C∞ vector bundle over W . The fiber of G at x ∈W will be denoted
by Gx. Let E be a vector bundle over a C
∞ paracompact manifold W1. We write G ⊠ E∗ to
denote the vector bundle over W ×W1 with fiber over (x, y) ∈W ×W1 consisting of the linear
maps from Ey to Gx. Let Y ⊂ W be an open set. From now on, the spaces of distribution
sections of G over Y and smooth sections of G over Y will be denoted by D′(Y,G) and C∞(Y,G),
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respectively. Let E′(Y,G) be the subspace of D′(Y,G) whose elements have compact support in
Y . Put C∞0 (Y,G) := C
∞(Y,G)
⋂
E′(Y,G).
Let G and E be C∞ vector bundles over paracompact orientable C∞ manifolds W and W1,
respectively, equipped with smooth densities of integration. If A : C∞0 (W1, E) → D′(W,G) is
continuous, we write KA(x, y) or A(x, y) to denote the distribution kernel of A.
Let H(x, y) ∈ D′(W ×W1, G ⊠ E∗). We write H to denote the unique continuous operator
C∞0 (W1, E) → D′(W,G) with distribution kernel H(x, y). In this work, we identify H with
H(x, y).
Let M be a relatively compact open subset with C∞ boundary X of a complex manifold
M ′. Let F be a C∞ vector bundle over M ′. Let C∞(M,F ), D′(M,F ) denote the spaces of
restrictions to M of elements in the spaces C∞(M ′, F ), D′(M ′, F ) respectively.
2.2. CR manifolds. Let (X,T 1,0X) be a compact, orientable CR manifold of dimension 2n+1,
n ≥ 1, where T 1,0X is a CR structure of X, that is, T 1,0X is a subbundle of rank n of the
complexified tangent bundle CTX, satisfying T 1,0X ∩ T 0,1X = {0}, where T 0,1X = T 1,0X, and
[V,V] ⊂ V, where V = C∞(X,T 1,0X). We fix a real non-vanishing 1 form ω0 ∈ C(X,T ∗X) so
that 〈ω0(x) , u 〉 = 0, for every u ∈ T 1,0x X ⊕ T 0,1x X, for every x ∈ X. We call ω0 Reeb one form
on X.
Definition 2.1. For p ∈ X, the Levi form LX,p of X at p is the Hermitian quadratic form on
T 1,0p X given by LX,p(U, V ) = − 12i〈 dω0(p) , U ∧ V 〉, U, V ∈ T 1,0p X.
Denote by LX the Levi form on X.
Fix a global non-vanishing vector field T ∈ C∞(X,TX) such that ω0(T ) = −1 and T is
transversal to T 1,0X ⊕ T 0,1X. We call T Reeb vector field on X. Take a smooth Hermitian
metric 〈· | ·〉 on CTX so that T 1,0X is orthogonal to T 0,1X, 〈u | v〉 is real if u, v are real
tangent vectors, 〈T |T 〉 = 1 and T is orthogonal to T 1,0X ⊕ T 0,1X. For u ∈ CTX, we write
|u|2 := 〈u|u〉. Denote by T ∗1,0X and T ∗0,1X the dual bundles T 1,0X and T 0,1X, respectively.
They can be identified with subbundles of the complexified cotangent bundle CT ∗X. Define
the vector bundle of (p, q)-forms by T ∗p,qX := (∧pT ∗1,0X)∧ (∧qT ∗0,1X). The Hermitian metric
〈·|·〉 on CTX induces, by duality, a Hermitian metric on CT ∗X and also on the bundles of (p, q)
forms T ∗p,qX, p, q = 0, 1, · · · , n. We shall also denote all these induced metrics by 〈·|·〉. Note
that we have the pointwise orthogonal decompositions:
CT ∗X = T ∗1,0X ⊕ T ∗0,1X ⊕ {λω0 : λ ∈ C} ,
CTX = T 1,0X ⊕ T 0,1X ⊕ {λT : λ ∈ C} . (2.1)
Let D be an open set of X. Let Ωp,q(D) denote the space of smooth sections of T ∗p,qX over D
and let Ωp,q0 (D) be the subspace of Ω
p,q(D) whose elements have compact support in D. For each
point x ∈ X, in this paper, we will identify LX,x as a (1, 1) form at x. Hence, LX ∈ Ω1,1(X).
Now, we assume that X admits an S1-action: S1 ×X → X, (eiθ , x) → eiθ ◦ x. Here we use
eiθ to denote the S1-action. Let T˜ ∈ C∞(X,TX) be the global real vector field induced by the
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S1-action given as follows
(T˜ u)(x) =
∂
∂θ
(
u(eiθ ◦ x)
) ∣∣∣
θ=0
, u ∈ C∞(X). (2.2)
Definition 2.2. We say that the S1-action eiθ (0 ≤ θ < 2π) is CR if
[T˜ , C∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X),
where [ , ] is the Lie bracket between the smooth vector fields on X. Furthermore, the S1-action
is called transversal if for each x ∈ X one has
CT˜ (x)⊕ T 1,0x (X)⊕ T 0,1x X = CTxX.
If the S1 action is transversal and CR, we will always take the Reeb one form on X to be the
global real one form determined by 〈ω0 , u 〉 = 0, for every u ∈ T 1,0X⊕T 0,1X and 〈ω0 , T˜ 〉 = −1
and we will always take the Reeb vector field on X to be T˜ . Hence, we will also write T to
denote the global real vector field induced by the S1-action.
Until further notice, we assume that (X,T 1,0X) is a compact connected strongly pseudoconvex
CR manifold with a transversal CR S1-action eiθ. For every q ∈ N, put
Xq := {x ∈ X : eiθ ◦ x 6= x,∀θ ∈ (0, 2π
q
), e
i 2π
q ◦ x = x}. (2.3)
Set p := min{q ∈ N : Xq 6= ∅}. Thus, Xreg = Xp. Note that one can re-normalize the S1-action
by lifting such that the new S1-action satisfies X1 6= ∅, see [6]. For simplicity, we assume that
p = 1. If X is connected, then X1 is open and dense in X. Assume that
X = ∪t−1j=0Xpj , 1 =: p0 < p1 < · · · < pt−1.
Put Xsing := X
1
sing = ∪t−1j=1Xpj , and Xrsing := ∪t−1j=rXpj for 2 ≤ r ≤ t − 1. Take the convention
that Xtsing = ∅. It follows from [6] that
Proposition 2.3. Xrsing is a closed subset of X, for 1 ≤ r ≤ t.
Fix θ0 ∈ [0, 2π). Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X. By the properties of transversal CR S1-actions, we
can check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(2.4)
Let (eiθ0)∗ : Λq(CT ∗X) → Λq(CT ∗X) be the pull back of eiθ0 , q = 0, 1 · · · , 2n + 1. From (2.4),
we can check that for every q = 0, 1, · · · , n
(eiθ0)∗ : T ∗0,q
eiθ0x
X → T ∗0,qx X.
Let u ∈ Ω0,q(X). The Lie derivative of u along the direction T is denoted by Tu. We have
Tu ∈ Ω0,q(X) for all u ∈ Ω0,q(X).
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Let ∂b : Ω
0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. From (2.4), it is
straightforward to check that
T∂b = ∂bT on Ω
0,q(X). (2.5)
For every m ∈ Z, put Ω0,qm (X) := {u ∈ Ω0,q(X) : Tu = imu}. For q = 0, we write C∞m (X) :=
Ω0,0m (X). We denote by ∂b,m the restriction of ∂b to Ω
0,q
m (X). From (2.5) we have the ∂b,m-
complex for every m ∈ Z:
∂b,m : · · · → Ω0,q−1m (X)→ Ω0,qm (X)→ Ω0,q+1m (X)→ · · · .
For m ∈ Z, the q-th ∂b,m-cohomology is given by
Hqb,m(X) :=
Ker ∂b : Ω
0,q
m (X)→ Ω0,q+1m (X)
Im ∂b : Ω
0,q−1
m (X)→ Ω0,qm (X)
. (2.6)
Moreover, we have [15]
dimHqb,m(X) <∞, for all q = 0, . . . , n.
Definition 2.4. A function u ∈ C∞(X) is a Cauchy-Riemann function (CR function for short)
if ∂bu = 0, that is Zu = 0 for all Z ∈ C∞(X,T 1,0X). For m ∈ N, H0b,m(X) is called the m-th
positive Fourier component of the space of CR functions.
We recall the canonical local coordinates (BRT coordinates) due to Baouendi-Rothschild-
Treves, (see [1]).
Theorem 2.5. With the notations and assumptions above, fix x0 ∈ X. There exist local coordi-
nates (x1, · · · , x2n+1) = (z, θ) = (z1, · · · , zn, θ), zj = x2j−1+ ix2j , 1 ≤ j ≤ n, x2n+1 = θ, centered
at x0, defined on D = {(z, θ) ∈ Cn × R : |z| < ε, |θ| < δ}, such that
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ(z)
∂zj
∂
∂θ
, j = 1, · · · , n,
(2.7)
where {Zj(x)}nj=1 form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R) is independent
of θ. We call D a canonical local patch and (z, θ, ϕ) canonical coordinates centered at x0.
Note that Theorem 2.5 holds if X is not strongly pseudoconvex.
On the BRT coordinate D, the action of the partial Cauchy-Riemann operator is the following
∂¯bu =
n∑
j=1
(
∂u
∂z¯j
− i ∂ϕ
∂z¯j
∂u
∂θ
)dz¯j .
We can check that
ω0 = −dθ + i
n∑
j=1
∂ϕ
∂zj
dzj − i
n∑
j=1
∂ϕ
∂z¯j
dz¯j .
Hence the Levi form is
LX = − 1
2i
dω0
∣∣
T 1,0X
= ∂∂¯ϕ. (2.8)
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If u ∈ H0b,m(X), then ∂¯bu = 0. It is equivalent to that
∂u
∂z¯j
− i ∂ϕ
∂z¯j
∂u
∂θ
= 0, ∀j.
Moreover, since Tu = imu, u can be written locally as
u
∣∣
D
= eimθu˜(z).
Then
∂u˜
∂z¯j
+m
∂ϕ
∂z¯j
u˜
=
∂
∂z¯j
(u˜emϕ) = 0, ∀j.
(2.9)
That is to say, u˜emϕ is holomorphic with respect to the (z1, ..., zn)-coordinate.
Let X × R be the complex manifold with the following holomorphic tangent bundle and
complex structure J ,
T 1,0X ⊕ {C(T − i ∂
∂η
)},
JT =
∂
∂η
, Ju = iu for u ∈ T 1,0X.
(2.10)
Lemma 2.6. Let u ∈ ⊕m∈Z,|m|≤NC∞m (X) with ∂¯bu = 0, where N ∈ N. Then there exists a
unique function v, which is holomorphic in X × R such that v∣∣
η=0
= u.
Proof. Let D be a canonical local coordinate patch with canonical local coordinates x = (z, θ).
On D, we write u =
∑
m∈Z,|m|≤N um(z)e
imθ. Note that in canonical local coordinates x = (z, θ),
we have T = ∂
∂θ
. Set
v :=
∑
m∈Z,|m|≤N
um(z)e
im(θ+iη) .
From ∂bu = 0, it is easy to check that v is holomorphic on D × R with respect the complex
structure (2.10) and v|η=0 = u. If there exists another function v˜ satisfying the same properties.
Then v˜ − v is holomorphic, (v˜ − v)∣∣
η=0
= 0. So v˜ = v. Thus, we can define v as a global CR
function on X × R and we have v|η=0 = u. The proof is completed. 
3. Uniform estimate of Szego˝ kernel functions
In this section, we will give a uniform estimate of Szego˝ kernel function on X. We keep the
notations and assumptions in the previous sections. We first recall a recent result about Szego˝
kernel asymptotic expansion on CR manifolds with S1 action due to Herrmann-Hsiao-Li [13].
For x, y ∈ X, let d(x, y) denote the Riemannian distance between x and y induced by 〈 · | · 〉.
Let A be a closed subset of X. Put d(x,A) := inf {d(x, y); y ∈ A}.
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Theorem 3.1. Recall that we work with the assumptions that X is a compact connected strongly
pseudoconvex CR manifold of dimension 2n + 1, n ≥ 1, with a transversal CR S1 action. With
the above notations for Xpr , 0 ≤ r ≤ t − 1, there are bj(x) ∈ C∞(X), j = 0, 1, 2, . . ., such that
for any r = 0, 1, . . . , t− 1, any differential operator Pℓ : C∞(X)→ C∞(X) of order ℓ ∈ N0 and
every N ∈ N, there are ε0 > 0 and CN independent of m with the following estimate∣∣∣Pℓ(Sm(x)− pr∑
s=1
e
2π(s−1)
pr
mi
N−1∑
j=0
mn−jbj(x)
)∣∣∣
≤ CN
(
mn−N +mn+
ℓ
2 e−mε0d(x,X
r+1
sing)
2
)
, ∀m ≥ 1, ∀x ∈ Xpr ,
where b0(x) ≥ ǫ > 0 on X for some universal constant ǫ.
Note that when m is a multiple of pr, then
∑pr
s=1 e
2π(s−1)
pr
mi
is equal to pr. When m is not a
multiple of pr, then
∑pr
s=1 e
2π(s−1)
pr
mi
is equal to 0.
Corollary 3.2. With the above notations and assumptions, we have
Sm(x) ≤ Cmn, ∀m ≥ 1, x ∈ X,
where C > 0 is a constant independent of m.
Fix r = 0, 1, . . . , t− 1. There is a m0 > 0 such that for every m ≥ m0, pr|m, we have
Sm(x) ≥ mn(prb0(x)− c1e−mε0d(x,X
r+1
sing )
2 − c1 1
m
)
for any x ∈ Xpr , where c1 > 0 is a constant independent of m.
Corollary 3.3. With the above notations and assumptions, let r = 0, we have
lim
m→∞
Sm(x)
mn
= b0(x), ∀x ∈ Xreg .
Let x, x1 ∈ X. We have
Sm(x) = Sm(x1) +Rm(x, x1),
Rm(x, x1) =
∫ 1
0
∂
∂t
(
Sm(tx+ (1− t)x1)
)
dt.
(3.1)
By Theorem 3.1 with l = 1, we have the following
Corollary 3.4. We have
|Rm(x, x1)| ≤ c2mn+ 12 d(x, x1), ∀(x, x1) ∈ X ×X,
where c2 > 0 is a constant independent of m.
The main result in this section is the following
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Theorem 3.5. There exist positive integers k1 < · · · < kt−1 independent of m and m0 > 0,
such that for all m ≥ m0 with pj|m, j = 0, 1, . . . , t− 1, we have
1
C
mn ≤ Sm(x) + Sk1m(x) + · · ·+ Skt−1m(x) ≤ Cmn,∀x ∈ X,
where Skjm(x) is the Szego˝ kernel function associated to H
0
b,kjm
(X) and C > 1 is a constant
independent of m.
Proof. Put X0sing := Xreg . We claim that for every j ∈ {0, 1, . . . , t− 1}, we can find k0 := 1 <
k1 < · · · < kt−1−j and m0 > 0 such that for all m ≥ m0 with ps|m, s = j, j + 1, . . . , t − 1, we
have
1
C
mn ≤ Sm(x) + Sk1m(x) + · · ·+ Skt−1−jm(x) ≤ Cmn, ∀x ∈ Xjsing , (3.2)
where C > 1 is a constant independent of m.
We prove the claim (3.2) by induction over j. Let j = t−1. Since Xtsing = ∅, by Theorem 3.1,
we see that for all m≫ 1 with pt−1|m, we have
Sm(x) ≈ mn on Xt−1sing .
The claim (3.2) holds for j = t− 1. Assume that the claim (3.2) holds for some 0 < j0 ≤ t− 1.
We are going to prove the claim (3.2) holds for j0 − 1. By induction assumption, there exist
positive integers k0 := 1 < k1 < · · · < kt−1−j0 independent of m and m0 > 0 such that for all
m ≥ m0 with ps|m, s = j0, j0 + 1, . . . , t− 1, we have
1
C
mn ≤ Am(x) := Sm(x) + Sk1m(x) + · · ·+ Skt−1−j0m(x) ≤ Cmn, ∀x ∈ X
j0
sing , (3.3)
where C > 1 is a constant independent of m. In view of Corollary 3.2, we see that there is a
large constant C0 > 1 and m1 > 0 such that for all m ≥ m1 with pj0−1|m and all x ∈ Xpj0−1
with d(x,Xj0sing ) ≥ C0√m , we have
Sm(x) ≥ cmn, (3.4)
where c > 0 is a constant independent of m. Fix C0 > 0, where C0 is as in the discussion before
(3.4) and let k ∈ N and m≫ 1 with ps|m, s = j0, j0 + 1, . . . , t− 1. Consider the set
Sk,m :=
{
x ∈ Xpj0−1 ; d(x,X
j0
sing ) ≤
C0√
km
}
.
Let x ∈ Sk,m. Since Xj0sing is a closed subset of X by Proposition 2.2, there is a point x2 ∈ Xj0sing
such that d(x, x2) = d(x,X
j0
sing ). By (3.1), we write
Am(x) = Sm(x) + Sk1m(x) + · · ·+ Skt−1−j0m(x)
=
(
Sm(x2) + Sk1m(x2) + · · ·+ Skt−1−j0m(x2)
)
+
(
Rm(x, x2) +Rk1m(x, x2) + · · ·+Rkt−1−j0m(x, x2)
)
= Am(x2)(1 + vm(x, x2)),
(3.5)
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where
vm(x, x2) := (Am(x2))
−1
(
Rm(x, x2) +Rk1m(x, x2) + · · ·+Rkt−1−j0m(x, x2)
)
.
Then with Corollary 3.4,
|vm| . C0√
km
m−nmn+
1
2 .
C0√
k
. (3.6)
From (3.5) and (3.6), we see that there is a large constant kt−j0 and m2 > 0 such that for all
m ≥ m2 with ps|m, s = j0, j0 + 1, . . . , t− 1, we have
Am(x) ≥ cˆmn, ∀x ∈ Skt−j0m :=
{
x ∈ Xpj0−1 ; d(x,X
j0
sing ) ≤
C0√
kt−j0m
}
, (3.7)
where cˆ > 0 is a constant independent of m. In view of (3.4), we see that for all m ≥
max {m1,m2} with pj0−1|m, we have
Skt−j0m(x) ≥ c˜mn, ∀x ∈ Xpj0−1 with d(x,X
j0
sing ) ≥ C0√kt−j0m , (3.8)
where c˜ > 0 is a constant independent of m. From (3.8) and (3.7), we get the claim (3.2) for
j = j0 − 1. By induction assumption, we get the claim (3.2) and the theorem follows then. 
4. Equidistribution on CR manifolds
This section is devoted to proving Theorem 1.1. For simplicity, we assume that X =
Xp0
⋃
Xp1 , p0 = 1. The proof of general case is similar. Let k1 be as in Theorem 3.5.
Let α = [1, p1] = p1. We recall some notations used in Section 1. For each m ∈ N, put
Am(X) := H
0
b,αm(X)
⋃
H0b,αk1m(X), SAm(X) := {g ∈ Am(X); ( g | g ) = 1} and let dµm to de-
note the normalized Haar measure on the unit sphere SAm(X). We consider the probability
space Ω(X) :=
∏∞
m=1 SAm(X) with the probability measure dµ :=
∏∞
m=1 dµm.
We first recall briefly the Lelong-Poincare´ formula (see [7, III-2.15] and [16, Theorem 2.3.3]).
Proposition 4.1. Let Y be a complex manifold and h be a meromorphic function on Y , which
does not vanish identically on any connected component of Y . Then h is locally integrable on Y
and satisfies the following
〈[h = 0], w〉 =
∫
{h=0}
w =
i
π
∫
∂∂ log |h| ∧ w, (4.1)
where w is any test form on Y .
Let u ∈ SAm(X) and let v(z, θ, η) be holomorphic function on X × R with v|η=0 = u. For
simplicity, let m1 := αm, m2 := αk1m. On D, we write
u = u1 + u2 = u˜1(z)e
im1θ + u˜2(z)e
im2θ ∈ H0b,m1(X)⊕H0b,m2(X).
Then,
v = u˜1(z)e
im1θ−m1η + u˜2(z)eim2θ−m2η.
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Let g ∈ Ω2n0 (X × R), 〈[v = 0], g〉 is defined in (1.6). Denote by ∂˜ (resp. ¯˜∂) the ∂-operator
(resp. ∂-operator) with respect to the complex structure in (1.5). Since v is holomorphic with
the complex structure, then by the Lelong-Poincare´ formula, we have
〈[v = 0], g〉 = i
2π
∫
∂˜
¯˜
∂ log |v|2 ∧ g, (4.2)
This is globally defined which is independent of the choice of BRT coordinates in the following
local calculation.
Let D be a local BRT canonical coordinate patch with canonical local coordinates (z, θ, ϕ).
Let x = (x1, . . . , x2n+1) = (z, θ), zj = x2j−1 + ix2j , j = 1, . . . , n. We choose a partition of unity
{ψℓ} on X, and consider ψℓg with suppψℓ ⊂ D. So we can assume suppg ⊂ D × R. On D × R,
we have
∂˜ =
n∑
j=1
(
∂
∂zj
+ i
∂ϕ(z)
∂zj
∂
∂θ
)dzj +
1
2
(
∂
∂θ
− i ∂
∂η
)(−ω0 + idη)
¯˜
∂ =
n∑
j=1
(
∂
∂z¯j
− i∂ϕ(z)
∂z¯j
∂
∂θ
)dz¯j +
1
2
(
∂
∂θ
+ i
∂
∂η
)(−ω0 − idη).
(4.3)
Recall that
ω0 = −dθ + i
n∑
j=1
∂ϕ
∂zj
dzj − i
n∑
j=1
∂ϕ
∂z¯j
dz¯j .
Then
−ω0 + id(η − ϕ) = dθ − i
n∑
j=1
∂ϕ
∂zj
dzj + i
n∑
j=1
∂ϕ
∂z¯j
dz¯j + idη − i
n∑
j=1
∂ϕ
∂zj
dzj − i
n∑
j=1
∂ϕ
∂z¯j
dz¯j
= dθ − 2i
n∑
j=1
∂ϕ
∂zj
dzj + idη.
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Denote by ∂ and ∂ the standard ∂-operator and ∂-operator on (z, θ + iη)-coordinates. For
simplicity, let h be a function (or form) on X × R, we have
(∂˜h)(z, θ, η − ϕ) =
n∑
j=1
(
∂h
∂zj
(z, θ, η − ϕ) + i∂ϕ(z)
∂zj
∂h
∂θ
(z, θ, η − ϕ))dzj
+
1
2
(
∂h
∂θ
(z, θ, η − ϕ) − i∂h
∂η
(z, θ, η − ϕ))(−ω0 + id(η − ϕ))
=
n∑
j=1
(
∂h
∂zj
(z, θ, η − ϕ) + i∂ϕ(z)
∂zj
∂h
∂θ
(z, θ, η − ϕ))dzj
+
1
2
(
∂h
∂θ
(z, θ, η − ϕ) − i∂h
∂η
(z, θ, η − ϕ))(dθ − 2i
n∑
j=1
∂ϕ
∂zj
dzj + idη)
=
n∑
j=1
(
∂h
∂zj
(z, θ, η − ϕ)− ∂ϕ(z)
∂zj
∂h
∂η
(z, θ, η − ϕ))dzj
++
1
2
(
∂h
∂θ
(z, θ, η − ϕ)− i∂h
∂η
(z, θ, η − ϕ))(dθ + idη)
= ∂(h(z, θ, η − ϕ)).
(4.4)
Similarly we have
(
¯˜
∂h)(z, θ, η − ϕ) = ∂(h(z, θ, η − ϕ)), (∂˜ ¯˜∂h)(z, θ, η − ϕ) = ∂∂(h(z, θ, η − ϕ)). (4.5)
Fix χ(η) ∈ C∞0 (R) with
∫
χ(η)dη = 1. Let f ∈ Ωn−1,n−10 (D). Note that ∂∂zj v(z, θ, η−ϕ(z)) =
0, j = 1, . . . , n, ( ∂
∂θ
+ i ∂
∂η
)v(z, θ, η−ϕ(z)) = 0. From this observation, (4.2), (4.4), (4.5) and the
Lelong-Poincare´ formula, we have
〈[v(z, θ, η) = 0], f(z, θ) ∧ ω0(z, θ) ∧ χ(η)dη〉
=
i
2π
∫
∂∂ log |v(z, θ, η − ϕ)|2 ∧ f(z, θ) ∧ ω0(z, θ) ∧ χ(η − ϕ)d(η − ϕ).
(4.6)
To prove Theorem 1.1, we only need to show that for dµ-almost every {um} ∈ Ω(X), we have
lim
m→∞
1
m
〈 [vm = 0], f ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉 = α1 + k
n+1
1
1 + kn1
i
π
∫
X
LX ∧ f ∧ ω0, (4.7)
where vm(x, η) ∈ C∞(X ×R) is the unique holomorphic function on X ×R with vm(x, η)|η=0 =
um(x).
It follows from (4.6) that
〈[v = 0], f ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη〉
=
i
2π
∫
∂∂¯ log |u˜1(z)eim1θ+m1(ϕ−η) + u˜2(z)eim2θ+m2(ϕ−η)|2
∧ f(z, θ) ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ).
(4.8)
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Let Sm1 (resp. Sm2) be the Szego˝ kernel functions of H
0
b,m1
(X) (resp. H0b,m2(X)). By using
the same arguments in Shiffman-Zelditch [19, Section 3] and Ma-Marinescu [16, Section 5.3] and
(4.8), we deduce that for dµ-almost every {um} ∈ Ω(X), we have
lim
m→∞
( 1
m
〈 [vm = 0], f ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉 − i
2mπ∫
∂∂¯ log(e2m1(ϕ−η)Sm1 + e
2m2(ϕ−η)Sm2) ∧ f ∧ ω0 ∧ χ(
η − ϕ
εm
)
1
εm
(dη − dϕ)
)
= 0.
(4.9)
Let Fm = e
2m1(ϕ−η)Sm1 + e2m2(ϕ−η)Sm2 .
Proof of Theorem 1.1. In view of (4.9), to prove Theorem 1.1, it suffices to compute
lim
m→∞
i
2mπ
∫
∂∂¯ logFm ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ). (4.10)
Recall that Sm1 + Sm2 ≈ mn on X (see Theorem 3.5). We write F = Fm, a1 = Sm1 , a2 = Sm2
for short. We have
∂∂¯ logF =
∂∂¯F
F
− ∂F ∧ ∂¯F
F 2
. (4.11)
We can check that
∂F = ∂(e2m1(ϕ−η)a1 + e2m2(ϕ−η)a2)
= e2m1(ϕ−η)∂a1 + e2m2(ϕ−η)∂a2
+ 2m1a1e
2m1(ϕ−η)∂(ϕ− η) + 2m2a2e2m2(ϕ−η)∂(ϕ− η),
(4.12)
∂¯F = ∂¯(e2m1(ϕ−η)a1 + e2m2(ϕ−η)a2)
= e2m1(ϕ−η)∂¯a1 + e2m2(ϕ−η)∂¯a2
+ 2m1a1e
2m1(ϕ−η)∂¯(ϕ− η) + 2m2a2e2m2(ϕ−η)∂¯(ϕ− η).
(4.13)
and
∂F ∧ ∂¯F = (e2m1(ϕ−η)∂a1 + e2m2(ϕ−η)∂a2
+ 2m1a1e
2m1(ϕ−η)∂(ϕ− η) + 2m2a2e2m2(ϕ−η)∂(ϕ− η))
∧ (e2m1(ϕ−η)∂¯a1 + e2m2(ϕ−η)∂¯a2
+ 2m1a1e
2m1(ϕ−η)∂¯(ϕ− η) + 2m2a2e2m2(ϕ−η)∂¯(ϕ− η)).
(4.14)
Moreover, we have
∂∂¯F = ∂(e2m1(ϕ−η)∂¯a1 + e2m2(ϕ−η)∂¯a2
+ 2m1a1e
2m1(ϕ−η)∂¯(ϕ− η) + 2m2a2e2m2(ϕ−η)∂¯(ϕ− η))
= e2m1(ϕ−η)∂∂¯a1 + 2m1e2m1(ϕ−η)∂(ϕ− η) ∧ ¯∂a1
+ e2m2(ϕ−η)∂∂¯a2 + 2m2e2m2(ϕ−η)∂(ϕ− η) ∧ ¯∂a2
+ 2m1a1e
2m1(ϕ−η)∂∂¯(ϕ− η) + 2m1∂(a1e2m1(ϕ−η)) ∧ ∂¯(ϕ− η)
+ 2m2a2e
2m2(ϕ−η)∂∂¯(ϕ− η) + 2m2∂(a2e2m2(ϕ−η)) ∧ ∂¯(ϕ− η),
(4.15)
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and furthermore, we have
2m1∂(a1e
2m1(ϕ−η)) ∧ ∂¯(ϕ− η)
= 2m1(e
2m1(ϕ−η)∂a1 ∧ ∂¯(ϕ− η) + 2m1a1e2m1(ϕ−η)∂(ϕ− η) ∧ ∂¯(ϕ− η))
(4.16)
and
2m2∂(a2e
2m2(ϕ−η)) ∧ ∂¯(ϕ− η)
= 2m2(e
2m2(ϕ−η)∂a2 ∧ ∂¯(ϕ− η) + 2m2a2e2m2(ϕ−η)∂(ϕ− η) ∧ ∂¯(ϕ− η)).
(4.17)
We first compute the following kinds of terms in (4.10):∫
e2mj(ϕ−η)∂(ϕ − η) ∧ ∂¯aj/F ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ), j ∈ {1, 2} . (4.18)
∫
e2mj(ϕ−η)∂(ϕ − η) ∧ ∂aj/F ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ), j ∈ {1, 2} . (4.19)∫
1
m
e2mj (ϕ−η)∂∂¯aj/F ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ), j ∈ {1, 2} . (4.20)∫
aje
2mj (ϕ−η)e2mk(ϕ−η)∂ak∧ ∂¯(ϕ−η)/F 2∧f∧ω0∧χ(η − ϕ
εm
)
1
εm
(dη−dϕ), j, k ∈ {1, 2} . (4.21)∫
aje
2mj (ϕ−η)e2mk(ϕ−η)∂ak∧∂(ϕ−η)/F 2∧f∧ω0∧χ(η − ϕm
εm
)
1
εm
(dη−dϕ), j, k ∈ {1, 2} . (4.22)∫
1
m
e2mj(ϕ−η)e2mk(ϕ−η)∂aj ∧ ∂¯ak/F 2 ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ), j, k ∈ {1, 2} . (4.23)
It is straightforward to check that
∂(ϕ− η) ∧ ω0 ∧ (dη − dϕ) = 0, ∂(ϕ− η) ∧ ω0 ∧ (dη − dϕ) = 0.
From this observation, we see that terms (4.18), (4.19),(4.21) and (4.22) are zero.
For (4.20) and (4.23), note that limm→∞mεm = 0, then limm→∞ e2mj (ϕ−η) = 1 in the support
of χ(η−ϕ
εm
). From Theorem 3.1 and Lebesgue dominate theorem, we have∣∣∣∣∫ 1me2mj(ϕ−η)∂∂¯aj/F ∧ f ∧ ω0 ∧ χ(η − ϕεm ) 1εm (dη − dϕ)
∣∣∣∣
.
1
m
∫
X
mn1 +m
n+1
1 e
−m1ε0d2(x,Xsing )
mn
→ 0 as m→∞, ∀j ∈ {1, 2} ,
(4.24)
and ∣∣∣∣∫ 1me2mj (ϕ−η)e2mk(ϕ−η)∂aj ∧ ∂¯ak/F 2 ∧ f ∧ ω0 ∧ χ(η − ϕεm ) 1εm (dη − dϕ)
∣∣∣∣
.
1
m
∫
X
mn1 +m
n+1
1 e
−m1ε0d2(x,Xsing )
mn
→ 0 as m→∞, ∀j, k ∈ {1, 2} .
(4.25)
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From (4.14), (4.15), (4.16), (4.17) and the discussion above, we conclude that the only contri-
bution terms in (4.10) are those involving ∂∂¯ϕ, which is exactly the Levi form LX of X. Then
for dµ-almost every {um} ∈ Ω(X), we have
lim
m→∞
1
m
〈 [vm = 0], f ∧ ω0 ∧ 1
εm
χ(
η
εm
)dη 〉
= lim
m→∞
i
2mπ
∫
∂∂¯ log Fm ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ)
= lim
m→∞
i
2mπ
∫
(2m1a1e
2m1(ϕ−η) + 2m2a2e2m2(ϕ−η))/Fm · ∂∂¯ϕ ∧ f ∧ ω0 ∧ χ(η − ϕ
εm
)
1
εm
(dη − dϕ)
= lim
m→∞
i
π
∫
αSαm(x) + k1αSαk1m(x)
Sαm(x) + Sαk1m(x)
∂∂¯ϕ ∧ f ∧ ω0.
(4.26)
From Corollary 3.3, Theorem 3.1, Lebesgue dominate theorem and (4.26), we deduce (4.7).
Theorem 1.1 follows. 
5. Equidistribution on complex manifolds with strongly pseudoconvex boundary
In this section, we will prove Theorem 1.6. Let M be a relatively compact open subset with
C∞ boundary X of a complex manifold M ′ of dimension n+1 with a smooth Hermitian metric
〈 · | · 〉 on its holomorphic tangent bundle T 1,0M ′. From now on, we will use the same notations
and assumptions as in the discussion before Theorem 1.6. We will first recall the classical results
of Boutet de Monvel-Sjo¨strand [2] (see also second part in [14]). We then construct holomorphic
functions with specific rate near the boundary. We first recall the Ho¨rmander symbol spaces
Definition 5.1. Let m ∈ R. Sm1,0(M ′ ×M ′×]0,∞[) is the space of all a(x, y, t) ∈ C∞(M ′ ×
M ′×]0,∞[) such that for all local coordinate patch U with local coordinates x = (x1, . . . , x2n+2)
and all compact sets K ⊂ U and all α ∈ N2n+20 , β ∈ N2n+20 , γ ∈ N0, there is a constant c > 0
such that
∣∣∣∂αx ∂βy ∂γt a(x, y, t)∣∣∣ ≤ c(1 + |t|)m−|γ|, (x, y, t) ∈ K×]0,∞[. Sm1,0 is called the space of
symbols of order m type (1, 0). We write S−∞1,0 =
⋂
Sm1,0.
Let Sm1,0(M ×M×]0,∞[) denote the space of restrictions to M ×M×]0,∞[ of elements in
Sm1,0(M
′ ×M ′×]0,∞[).
Let aj ∈ Smj1,0 (M ×M×]0,∞[), j = 0, 1, 2, . . . , with mj ց −∞, j → ∞. Then there exists
a ∈ Sm01,0 (M ×M×]0,∞[) such that a−
∑
0≤j<k aj ∈ Smk1,0 (M ×M×]0,∞[), for every k ∈ N. If
a and aj have the properties above, we write a ∼
∑∞
j=0 aj in S
m0
1,0 (M ×M × [0,∞[).
Let dvM be the volume form on M induced by 〈 · | · 〉 and let ( · | · )M be the L2 inner product
on C∞0 (M) induced by dvM and let L
2(M) be the completion of C∞0 (M) with respect to ( · | · )M .
Let H0(2)(M) =
{
u ∈ L2(M); ∂u = 0}. Let B : L2(M) → H0(M) be the orthogonal projection
with respect to ( · | · )M and let B(z, w) ∈ D′(M ×M) be the distribution kernel of B. We recall
classical result of Boutet de Monvel-Sj¨strand [2].
20 CHIN-YU HSIAO AND GUOKUAN SHAO
Theorem 5.2. With the notations and assumptions above, we have
B(z, w) =
∫ ∞
0
eiφ(z,w)tb(z, w, t)dt +H(z, w), (5.1)
(for the precise meaning of the oscillatory integral
∫∞
0 e
iφ(z,w)tb(z, w, t)dt, see Remark 5.3 below)
where H(z, w) ∈ C∞(M ×M ),
b(z, w, t) ∈ Sn+11,0 (M ×M×]0,∞[),
b(z, w, t) ∼∑∞j=0 bj(z, w)tn+1−j in the space Sn+11,0 (M ×M×]0,∞[),
bj(z, w) ∈ C∞(M ×M), j = 0, 1, . . . ,
b0(z, z) 6= 0, z ∈ X,
(5.2)
and
φ(z, w) ∈ C∞(M ×M),
φ(z, z) = 0, z ∈ X, φ(z, w) 6= 0 if (z, w) /∈ diag (X ×X),
Imφ(z, w) > 0 if (z, w) /∈ X ×X,
φ(z, z) = r(z)g(z) on M , g(z) ∈ C∞(M) with |g(z)| > c on M , c > 0 is a constant.
(5.3)
Moreover, there is a content C > 1 such that
1
C
(dist (x, y))2 ≤ |dyφ(x, y)|2 + |Imφ(x, y)| ≤ C(dist (x, y))2, ∀(x, y) ∈ X ×X, (5.4)
where dy denotes the exterior derivative on X and dist (x, y) denotes the distance between x and
y with respect to the give Hermitian metric 〈 · | · 〉 on X.
Remark 5.3. Let φ and b(z, w, t) be as in Theorem 5.2. Let y = (y1, . . . , y2n+1) be local
coordinates on X and extend y1, . . . , y2n+1 to real smooth functions in some neighborhood of X.
We work with local coordinates w = (y1, . . . , y2n+1, r) defined on some neighborhood U of p ∈ X.
Let u ∈ C∞0 (U). Choose a cut-off function χ(t) ∈ C∞(R) so that χ(t) = 1 when |t| < 1 and
χ(t) = 0 when |t| > 2. Set
(Bǫu)(z) =
∫ ∞
0
∫
M
eiφ(z,w)tb(z, w, t)χ(ǫt)u(w)dvM (w)dt.
Since dyφ 6= 0 where Imφ = 0 (see (5.4)), we can integrate by parts in y and t and obtain
limǫ→0(Bǫu)(z) ∈ C∞(M ). This means that B = limǫ→0Bǫ : C∞(M)→ C∞(M) is continuous.
We have the following corollary of Theorem 5.2
Corollary 5.4. Under the notations and assumptions above, we have
B(z, z) = F (z)(−r(z))−n−2 +G(z) log(−r(z)) on M, (5.5)
where F,G ∈ C∞(M) and |F (z)| > c on X, c > 0 is a constant.
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Since C∞(M)
⋂
H0(2)(M) is dense in H
0
(2)(M) in L
2(M), we can find gj ∈ C∞(M )
⋂
H0(2)(M)
with ( gj | gk )M = δj,k, j, k = 1, 2, . . ., such that the set
A(M) := span {g1, g2, . . .} (5.6)
is dense in H0(2)(M). Moreover, for every u ∈ L2(M), we have∑N
j=1 gj(u | gj )M → Bu in L2(M) as N →∞. (5.7)
Fix k ∈ N, k large. Fix x0 ∈ M with 12k ≤ |r(x0)| ≤ 1k . Let x = (x1, . . . , x2n+2) be local
coordinates of M defined in a small neighborhood of x0 with x(x0) = 0. Let χ ∈ C∞0 (R2n+2)
with χ ≡ 1 near 0 ∈ R2n+2. For ε > 0, put χε(x) = ε−(2n+2)χ(xε ). From (5.7), for every ε > 0,
ε small, we have
∞∑
j=0
|( gj |χε )M |2 = (Bχε |χε )M . (5.8)
Since B(z, w) ∈ C∞(M ×M), we have
lim
ε→0
( ∞∑
j=1
|( gj |χε )M |2
)
= B(x0, x0)m(x0), (5.9)
where m(x)dx1 · · · dx2n+2 = dvM .
From (5.7), for every ε1, ε2 > 0, ε1, ε2 small, we have
∞∑
j=0
|( gj |χε1 )M − ( gj |χε2 )M |2
= (Bχε1 |χε1 )M − (Bχε1 |χε2 )M − (Bχε2 |χε1 )M + (Bχε2 |χε2 )M .
(5.10)
Since B(z, w) ∈ C∞(M ×M), we deduce that for every δ > 0, there is a Cδ > 0 such that for
all 0 < ε1, ε2 < Cδ, we have
∞∑
j=0
|( gj |χε1 )M − ( gj |χε2 )M |2 < δ. (5.11)
Now, we can prove
Theorem 5.5. We have
∑∞
j=1 |gj(x0)|2 = B(x0, x0)m(x0).
Proof. From (5.9), it is easy to see that
∞∑
j=1
|gj(x0)|2 ≤ B(x0, x0)m(x0). (5.12)
Let δ > 0 and fix 0 < ε0 < Cδ, where Cδ is as in (5.11). Since
∑∞
j=1 |( gj |χε0 )M |2 < ∞, there
is a N ∈ N such that
∞∑
j=N+1
|( gj |χε0 )M |2 < δ. (5.13)
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Now, for every 0 < ε < ε0, from (5.11) and (5.13), we have
∞∑
j=N+1
|( gj |χε )M |2 ≤ 2
∞∑
j=N+1
|( gj |χε )M − ( gj |χε0 )M |2 + 2
∞∑
j=N+1
|( gj |χε0 )M |2
≤ 2
∞∑
j=1
|( gj |χε )M − ( gj |χε0 )M |2 + 2
∞∑
j=N+1
|( gj |χε0 )M |2
≤ 4δ.
(5.14)
From (5.14), we deduce that
lim sup
ε→0
∞∑
j=N+1
|( gj |χε )M |2 ≤ 4δ. (5.15)
Now,
∞∑
j=1
|gj(x0)|2 ≥
N∑
j=1
|gj(x0)|2 = lim
ε→0
N∑
j=1
|( gj |χε )M |2
≥ lim inf
ε→0
( ∞∑
j=1
|( gj |χε )M |2 −
∞∑
N+1
|( gj |χε )M |2
)
≥ lim inf
ε→0
∞∑
j=1
|( gj |χε )M |2 − lim sup
ε→0
∞∑
N+1
|( gj |χε )M |2 .
(5.16)
From (5.9), (5.15) and (5.16), we deduce that
∞∑
j=1
|gj(x0)|2 ≥ B(x0, x0)m(x0)− 4δ.
Since δ is arbitrary, we conclude that
∞∑
j=1
|gj(x0)|2 ≥ B(x0, x0)m(x0). (5.17)
From (5.17) and (5.12), the theorem follows. 
From Theorem 5.5 and (5.5), we deduce that there is a Nx0 ∈ N such that∣∣∣∣∣∣rn+2(x0)
Nx0∑
j=1
|gj(x0)|2
∣∣∣∣∣∣ ≥ 12 |F (x0)| , (5.18)
where F is as in (5.5). Let
hx0 :=
1∑Nx0
j=1 |gj(x0)|2
Nx0∑
j=1
gj(x)
∣∣gj(x0)∣∣ . (5.19)
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Then, hx0 ∈ H0(2)(M) ∩ C∞(M) with (hx0 |hx0 )M = 1 and there is a small neighborhood Ux0
of x0 in M such that
|hx0(x)| ≥
1
4
|F (x)| . (5.20)
Assume that
{
x ∈M, 12k ≤ |r(x)| ≤ 1k
} ⊂ Ux0 ⋃Ux1⋃ · · ·⋃Uxak and let hxj be as in (5.19),
j = 0, 1, . . . , ak. Take βk ∈ N be a large number so that{
hx0 , hx1 , . . . , hxak
}
⊂ span {g1, g2, . . . , gβk} .
From (5.20), it is easy to see that∣∣∣∣∣∣rn+2(x)
βk∑
j=1
|gj(x)|2
∣∣∣∣∣∣ ≥ 14 |F (x)| on {x ∈M, 12k ≤ |r(x)| ≤ 1k}. (5.21)
Note that |F (x)| > c on X, where c > 0 is a constant. From this observation and (5.21), we get
Theorem 5.6. There is a k0 ∈ N such that for every k ∈ N, k ≥ k0, we can find βk ∈ N such
that ∣∣∣∣∣∣rn+2(x)
βk∑
j=1
|gj(x)|2
∣∣∣∣∣∣ ≥ c0 on {x ∈M, 12k ≤ |r(x)| ≤ 1k}, (5.22)
where c0 > 0 is a constant independent of k.
Let bj = βk0+j ∈ N, j = 1, 2, . . ., where βj and k0 are as in Theorem 5.6. For every m ∈ N,
let Am(M), SAm(M) and dµm be as in the discussion before (1.13). Let β := {bj}∞j=1 and let
Ω(M,β) and dµ(β) be as in (1.13) and (1.14) respectively. For each k = 1, 2, 3, . . ., let
Pk(x) :=
bk∑
j=1
|gj(x)|2 .
Let uk ∈ SAbk(M). Then, uk can be written as uk =
∑bk
j=1 λjgj with
∑bk
j=1 |λj |2 = 1. We have
Theorem 5.7. With the notations and assumptions above, fix ψ ∈ C∞0 ([−1,−12 ]). Then, for
dµ(β)-almost every u = {uk} ∈ Ω(M,β), we have
lim
k→∞
(
〈 [uk = 0], (2i)krψ(kr)φ∧∂r∧∂r 〉+ 1
π
∫
M
(
log Pk(x)
)
krψ(kr)∂∂φ∧∂r∧∂r
)
= 0, (5.23)
for all φ ∈ C∞(M,B∗n−1,n−1M ′).
Proof. The proof essentially follows from Shifffman-Zelditch [19], we only sketch the proof. By
using density argument, we only need to prove that for any φ ∈ C∞(M,B∗n−1,n−1T ∗M ′), there
exist dµ(β)-almost every u = {uk} ∈ Ω(M,β), such that
lim
k→∞
(
〈 [uk = 0], (2i)krψ(kr)φ∧∂r∧∂r 〉+ 1
π
∫
M
(
log Pk(x)
)
krψ(kr)∂∂φ∧∂r∧∂r
)
= 0. (5.24)
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We claim that
Rk :=
∫
S2bk−1
∣∣∣〈 [ bk∑
j=1
λjgj = 0], (2i)krψ(kr)φ ∧ ∂r ∧ ∂r 〉
+
1
π
∫
M
(log Pk(x))krψ(kr)∂∂φ ∧ ∂r ∧ ∂r
∣∣∣2dµbk(λ) = O( 1k2 ).
(5.25)
From (5.25), we see that
∑∞
k=1Rk < +∞ and by Lebesgue measure theory, we get (5.24). Hence,
we only need to prove (5.25).
For (x, y) ∈M ×M , put
Qk(x, y) :=
∫
S2bk−1
log
(∣∣∣∑bkj=1 λjgj(x)∣∣∣2
Pk(x)
)
log
(∣∣∣∑bkj=1 λjgj(y)∣∣∣2
Pk(y)
)
dµbk(λ),
fk := − 1
π
krψ(kr)∂∂φ(y) ∧ ∂r ∧ ∂r ∈ C∞0 (M,T ∗n+1,n+1M ′).
By using the same argument in [19] (see also Theorem 5.3.3 in [16]), we can check that
Rk =
∫
M×M
Qk(x, y)fk(x) ∧ fk(y). (5.26)
Moreover, from Lemma 5.3.2 in [16], there is a constant Ck > 0 independent of (x, y) ∈M ×M
such that
|Qk(x, y)− Ck| ≤ C, ∀(x, y) ∈M ×M, (5.27)
where C > 0 is a constant independent of k. From (5.27), it is easy to check that
∣∣∣∣∫
M×M
(
Qk(x, y)− Ck
)
fk(x) ∧ fk(y)
∣∣∣∣ = O( 1k2 ). (5.28)
By using integration by parts, we see that
∫
M×M
(
Qk(x, y)−Ck
)
fk(x)∧ fk(y) = Rk. From this
observation and (5.28), the claim (5.25) follows. 
Proof of Theorem 1.6. In view of Theorem 5.7, we only need to show that
lim
k→∞
− 1
π
∫
M
(log Pk(x))krψ(kr)∂∂φ ∧ ∂r ∧ ∂r = −(n+ 2) i
2π
c0
∫
X
LX ∧ ω0 ∧ φ,
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where c0 =
∫
R
ψ(x)dx. Now,
− 1
π
∫
M
(
logPk(x)
)
krψ(kr)∂∂φ ∧ ∂r ∧ ∂r
= − 1
π
∫
M
(
log(Pk(x)(−r)n+2(x))
)
krψ(kr)∂∂φ ∧ ∂r ∧ ∂r
+
n+ 2
π
∫
M
(
log(−r)(x)
)
krψ(kr)∂∂φ ∧ ∂r ∧ ∂r
= − 1
π
∫
M
(
log(Pk(x)(−r)n+2(x))
)
krψ(kr)∂∂φ ∧ ∂r ∧ ∂r
− in+ 2
2π
∫
M
(
log(−r)(x)
)
krψ(kr)∂∂φ ∧ ω0 ∧ dr,
(5.29)
where ω0 = J(dr), J is the standard complex structure map on T
∗M ′.
From Theorem 5.6, it is easy to see that
lim
k→+∞
− 1
π
∫
M
(
log(Pk(x)(−r)n+2(x))
)
krψ(kr)∂∂φ ∧ ∂r ∧ ∂r = 0. (5.30)
By using integration by parts, we have
− in+ 2
2π
∫
M
(
log(−r)(x)
)
krψ(kr)∂∂φ ∧ ω0 ∧ dr
= −in+ 2
2π
∫
M
(
(∂∂ log(−r))(x)
)
krψ(kr)φ ∧ ω0 ∧ dr
= −in+ 2
2π
∫
M
∂∂r(x)kψ(kr)φ ∧ ω0 ∧ dr
→ −(n+ 2) i
2π
c0
∫
X
LX ∧ ω0 ∧ φ as k →∞,
(5.31)
where c0 =
∫
R
ψ(x)dx. From (5.29), (5.30) and (5.31), the theorem follows then. 
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